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a b s t r a c t
In this paper, we investigate the asymptotic behavior and periodic nature of positive









, n ≥ 0,
where A ≥ 0 and 0 ≤ α ≤ 1. We prove that every positive solution of this difference
equation approaches x = 1 or is eventually periodic with a period 2, 3 or 4.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The max operator arises naturally in certain models in automatic control theory (see [1,2]). In recent years, the discrete
case involving difference equations with maximum has been receiving increasing attention; see e.g., [3–20,1,21,2,22–29]
(see also the references therein).









, n ≥ 0, (1.1)


















, n ≥ 0, (1.2)


















, n ≥ 0, (1.3)
where 0 < α < 1 and 0 < A, was investigated in [29]. It was shown that every positive solution of this difference equation
approaches x = 1 or is eventually periodic with a period 4. Also, the author of [29] proposed the following conjecture.
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, n ≥ 0, (1.4)
where A1 ≥ 0, A2 ≥ 0, . . . , Ap ≥ 0, 0 ≤ α1 ≤ 1, 0 ≤ α2 ≤ 1, . . . , 0 ≤ αp ≤ 1, max
{
α1 , α2 , . . . , αp
} = 1. Let αq = 1. If
Aq > max
{
Aj : 1 ≤ j ≤ p, j 6= q
}
, then every positive solution of (1.2) is eventually periodic with a period T = 2q.
It is interesting that the behavior of their solutions is very different although the difference equation (1.2) and (1.3) are










, n ≥ 0, (1.5)
where 0 ≤ A, 0 ≤ α ≤ 1 and the initial conditions x−1, x−2 are positive real numbers. We prove every positive solution of
this difference equation approaches x = 1 or is eventually periodic with a period 2, 3 or 4. We believe that the method used
in this paper may be used for confirming Conjecture 1.
2. Preliminaries










is eventually periodic with a period T , where T = 2 provided A > B ≥ 0, T = 4 provided B > A ≥ 0 and T = 3 provided
A = B > 0. So, we conclude that every positive solution of Eq. (1.5) with α = 1 and A ≥ 0 is eventually periodic with a
period 2, 3 or 4. The proof of this result was given in [3] and will be omitted.







, n ≥ 0. (2.2)
By iteration, from Eq. (2.2) we get that every positive solution of Eq. (1.5) with α = 0 is eventually periodic with a period
2 in the case A > 1. In the case 0 ≤ A < 1, Eq. (1.5) with α = 0 becomes xn = 1, for n ≥ 1.
Assume that A = 0 and 0 < α < 1. Then, from Eq. (1.5) we obtain immediately
xn = 1xαn−2
for n ≥ 0. (2.3)
It has been proved that every solution to the difference equation xn = Axαn−m , 0 < α < 1, A > 0 converges to x = A
1
α+1
in [25]. So, every positive solution of the Eq. (2.3) approaches x = 1 and its proof will be omitted.
3. The case A = 1









, n ≥ 0, (3.1)
where 0 < α < 1.
Theorem 1. If xn is a positive solution of Eq. (3.1), then xn approaches x = 1.
Proof. Choose a number B such that 0 < B < 1, let xn = Byn for n ≥ −2. Then, Eq. (3.1) implies the difference equation
yn = min {−yn−1,−αyn−2} , n ≥ 0, (3.2)
where 0 < α < 1 and initial conditions are real numbers.
Let yn be a solution of Eq. (3.2). Then it suffices to prove yn → 0. Observe that there exists a positive integer N such
that y3n+N ≥ 0 for n ≥ 0. By direct computation, we get that, y3n+N−1 ≤ 0, y3n+N−2 ≤ 0, y3n+N+1 = −y3n+N , y3n+N+2 =
−αy3n+N , y3n+N+3 = αy3n+N and y3n+N+1 ≤ y3n+N+2 ≤ 0 ≤ y3n+N+3 ≤ y3n+N . So, y3n+N+1 → 0, y3n+N+2 → 0 and
y3n+N → 0. This implies yn → 0. 
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4. The case 0 < A < 1
We consider Eq. (1.5), where 0 < α < 1. Using the substitution xn = Ayn , n ≥ −2, we get the difference equation
yn = min {1− yn−1,−αyn−2} , n ≥ 0, (4.1)
where the initial conditions y−1 , y−2 are real numbers.
We need the following lemma to prove the main result.
Lemma 1. Let yn be a solution of Eq. (4.1). Then,
|yn| ≤ max {|yn−1| − 1, α |yn−2|} (4.2)
for all n ≥ 0.
Proof. From Eq. (4.1), we have the following:
If yn−1 ≥ 0 and yn−2 ≥ 0 for some n, then |yn| ≤ max {|yn−1| − 1, α |yn−2|} .
If yn−1 ≤ 0 and yn−2 ≤ 0 for some n, then |yn| ≤ α |yn−2| .
If yn−1 ≥ 0 and yn−2 ≤ 0 for some n, then |yn| ≤ max {|yn−1| − 1, α |yn−2|} .
If yn−1 ≤ 0 and yn−2 ≥ 0 for some n, then |yn| = α |yn−2| .
In general, we have
|yn| ≤ max {|yn−1| − 1, α |yn−2|}
for n ≥ 0. 
Theorem 2. If xn is a positive solution of Eq. (1.5), where 0 < A < 1 and 0 < α < 1, then xn approaches x = 1.
Proof. Let yn is a solution of Eq. (4.1). To prove xn approaches one, it suffices to show that yn approaches zero. From Lemma1,
we have
|yn| ≤ max {|yn−1| − 1, α |yn−2|}
for all n ≥ 0. We can choose a number β such that |yn−1| − 1 ≤ β |yn−1| and 0 < β < 1. Then from (4.2), we get that
|yn| ≤ max {β |yn−1| , α |yn−2|} , n ≥ 0. (4.3)
Let γ = max {β, α}, then we get that
|yn| ≤ γ max {|yn−1| , |yn−2|} , (4.4)
where 0 < γ < 1, for all n ≥ 0.
From (4.4) and by iteration, we get that
|y0| ≤ γ max {|y−1| , |y−2|} ,
|y1| ≤ γ max {|y−1| , |y−2|} ,
|y2| ≤ γ max {γ |y−1| , γ |y−2|}
≤ γ 2max {|y−1| , |y−2|} ,
|y3| ≤ γ 2max {|y−1| , |y−2|}
and in the end the generalisation
|yn| ≤ γ [ n+22 ]max {|y−1| , |y−2|} (4.5)
for all n ≥ 0. From (4.5), we get immediately that yn approaches zero as n→∞. 
5. The case A > 1
Theorem 3. Every positive solution of Eq. (1.5), where 0 < α < 1 and A > 1, is eventually periodic with a period 2.
Proof. Assume that xn is a solution of Eq. (1.5), where A > 1 and 0 < α < 1. Let xn = Ayn forn ≥ −2. Then, Eq. (1.5) implies
the difference equation
yn = max {1− yn−1,−αyn−2} , n ≥ 0, (5.1)
where the initial conditions are real numbers. Let yn be a solution of Eq. (5.1). It suffices to show that yn is eventually periodic
with a period 2, to prove that xn is eventually periodic with a period 2.
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We shall show that there is an integerN such that yn ≥ 0 for all n ≥ N.On the contrary, we assume that there is a positive
integer k such that, yn+k < 0 for all n ≥ N . So, we have yn+k−1 > 0 and yn+k−2 > 0 from Eq. (5.1). Then, by computation
we get yn+k+1 > 0, yn+k+2 > 0 and yn+k+3 = 1+ αyn+k.
If yn+k+3 ≥ 0, then by computationwe get yn+k+4 > 0, yn+k+5 ≥ 0 and yn+k+6 = −αyn+k > 0. So, we obtain immediately
yn ≥ 0 for n ≥ N + k+ 1.
If yn+k+3 < 0, we have−yn+k > 1α . Then by computation, we get that








If yn+k+6 ≥ 0, we obtain immediately yn ≥ 0 for all n ≥ N + k+ 4 by similarity.






, yn+k+7 > 0 and yn+k+8 > 0.






→ ∞ as l → ∞. So, there is a







and yn+l−3 < 0.
Then, we obtain yn+l−2 = 1 − yn+l−3, yn+l−1 = −αyn+l−3 and yn+l = 1 + αyn+l−3 ≥ 0. By computation, we get
immediately yn+l+1 > 0, yn+l+2 ≥ 0 and yn+l+3 = −αyn+l−3. We obtain yn ≥ 0 for n ≥ N+ l−2. Clearly, there is an integer
N such that yn ≥ 0 for n ≥ N.
Consider yn ≥ 0 for n ≥ N . Then, from Eq. (5.1) we get that
yN+2 = max {1− yN+1,−αyN} ≥ 0.
If yN+2 = 1− yN+1, we get that yN+3 = 1− yN+2. So, we have yn = 1− yn−1 for all n ≥ N + 2.
If yN+2 = −αyN , then we get yN = 0, yN+1 > 1 and yN+3 = 1− yN+2. Then, we have yn = 1− yn−1 for all n ≥ N + 3.
Clearly, there is an integer N such that yn = 1 − yn−1 for n ≥ N. So, yn is eventually periodic with a period 2. This is
desired. 
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